
ON T H E  T H E O R Y  OF R O L L I N G  W A V E S  

V. V. P u k h n a c h e v  UDC 532.516 

The problem of rol l ing waves in a sheet of fluid flowing in a vert ical  plane [1] is t rea ted  on 
the basis  of the complete N a v i e r - S t o k e s  equations with conditions on the unknown free 
boundary. The existence of a one-parameter  family of rol l ing waves, bifurcating f rom the 
Poiseuil le  flow, is proved. 

1. S T A T E M E N T  OF TH E P R O B L E M  

It is well known that one of the possible r eg imes  of flow of a fluid sheet in a ver t ical  plane under the 
influence of gravity is plane motion with rec t i l inear  t r a jec to r ies  and a plane free surface (this is hereaf te r  
called the fundamental motion). We choose as  the units of length, time, velocity, and pressure  the quanti- 
t ies b, b/V, V, and 0V 2, respect ively .  Here b is the thickness of the sheet, V = gb2/3v is the average value 
of the longitudinal velocity over the thickness of the sheet, p is the density, v is th_.e viscosi ty of the fluid, 
and g is the accelera t ion due to gravity.  In dimensionless var iables  the velocity V and the p res su re  P of 
the fundamental motion a re  of the form 

- [3(1- -x~) /2 ,0]  P = 0 .  

The line x 2 = 1 cor responds  to the "bottom," and the line x 2 = 0 cor responds  to the free boundary. 

We shall look for plane motions of the t rave l ing-wave type ,  which bifurcate f rom the fundamental mo-  
tion. We look for velocity and p res su re  fields in the form v~---V+v, p=p/Be, where 

v=(u(x, y), v(x, y)); p = p ( x ,  y); x = x l  - -  ct; y=x.z; 

c is some paramete r  (wave velocity); Re = Vb/v is the Reynolds number.  By requi r ing  the functions 
and ~" to satisfy the N a v i e r - S t o k e s  equation, we a r r ive  at a sys tem of equations in u, v, and p: 

~ T ( A u - - p ~ ) - -  ( t - - y ~ ) - - e  u .~--3yv=uu~+vuu;  

t ~ ( A v - - P u ) - - [ @ ( l - - Y 2 ) - - c ] v ~ = u v ~ + v v u  ' Re Ux@ Vy = 0 .  

(1.1) 

We seek a solution to the sys tem (1.1) in the domain ~2 = {x,  y : txl < ~,  ~? (x) < y < 1}. The line y = 1 c o r r e -  
sponds to a r igid  wall, on which is specified the no-sl ip condition 

u = v = O  for y = l .  (1.2) 

The line y = ~? (x) is a free boundary. On this line the following conditions are  imposed: 

(1.3) 
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[(1 --  ~1'+) (u , , :  L'~-- 3'1) ~ 2q'(L'y-- U~) I,=~1<~) =0 ;  (1.4) 

r2 i I--P i-2(1 : II':)--t [L;,j-- ~l'(uu -r~--3q)+)  I ~/~]iy=n(~)= 
= - R e w - ~ ( i  § ~' , ) -~ ~ ~" (~.5) 

H e r e  W=p_V~/a is the Weber  number  (a d imens ion le s s  p a r a m e t e r ,  i nve r se ly  p ropor t i ona l  to the coef f ic ien t  
of su r f ace  tens ion a), ~ ' = d~/dx,  and ~?" = d ~ / d x  2. Condit ion (1.3) is a consequence  of the k inemat i c  con-  
dit ions at  the f r ee  boundary .  Condit ion (1.4) s igni f ies  the absence  of any tangent ia l  s t r e s s  at  the f r e e  
boundary ,  and condit ion (1.5) is the equal i ty  of the n o r m a l  s t r e s s  and the c a p i l l a r y  p r e s s u r e .  

In addit ion,  we r e q u i r e  per iod ic i ty  in x of the solut ions  to the s y s t e m  (1.1) and the funct ion ~ ,  

t.(x:h, y)=u(x, y); v(x h,y)=~,(x, y); p(x-- h,y)=-p(x,y); .q(x-- h)~Tl(x), 

and a l so  the condi t ion 

(1,6) 

h 

S tl(x)dx = O, (1.7) 
0 

which f ixes the mean  depth of the fluid. Condit ion (1.7) enab les  us to e l imina te  the t r i v i a l  solutions to the 
p rob lem (1.1)-(1.6),  in which v = p = 0 and ~? = const .  Bes ides  those  condi t ions  l is ted,  we should a lso  in- 
clude in the condi t ions  of the p rob l e m  the condi t ion ~? (x) < 1, e n s u r i n g  the absence  of con tac t  be tween the 
f r ee  su r f ace  and the bot tom.  However ,  we shal l  find below only sma l l  so lut ions  of  the t r a v e l i n g - w a v e  type  
b r a n c h i n g  f r o m  the fundamenta l  solut ion,  and for  these  solut tons  the condi t ion indicated  will  obvious ly  be 
sa t i s f ied .  

The m a t h e m a t i c a l  p r o b l e m  cons i s t s  of finding a funct ion ~ and a solut ion u, v, p to Eqs.  (1.1) in the 
domain  fl, such that  the condi t ions  (1.2)-(1.7) a r e  sa t i s f ied .  For  any values  of the p a r a m e t e r s  Re ,  W, c,  
and h, the p rob l e m  (1.1)-(1.7) has  the t r iv ia l  solut ion ~? = 0, u = v = p = 0. The purpose  of  the p r e s e n t  paper  is 
to p rove  the ex i s tence  of nontr iv ia l ,  solut ions  to this  p rob lem.  

The non t r iv ia l  so lu t ions  to the p r o b l e m  (1.1)-(1.7) will  be ca l led  ro l l i ng  waves .  Approx ima te  t heo r i e s  
of ro l l i ng  waves ,  ba sed  on va r i ous  a pp rox i ma te  solut ions  of this p rob l em,  have been given by s e v e r a l  au-  
t h o r s  [1-5]. In each  of these  t r e a t m e n t s  a o n e - p a r a m e t e r  fami ly  (up to a shift  in x) of a p p r o x i m a t e  solut ions  
to the p rob lem (1.1)-(1.7) is cons t ruc t ed .  In the p r e s e n t  paper  we es t ab l i sh  the ex i s t ence  of a o n e - p a r a m e -  
te r  fami ly  of solut ions  to the p rob l e m  of ro l l i ng  waves  in the exac t  fo rmula t ion .  

2 .  A U X I L I A R Y  P R O B L E M  W I T H  F I X E D  B O U N D A R Y  

For  the inves t iga t ion  of t h e p r o b l e m  (1.1)-(1.7) we use  a va r i a t ion  of the decompos i t i on  method  se t  
for th  e a r l i e r  [6]. We denote by C~  +~ (~) >the subspace  of  functions r  y) of HUtder c l a s s  ~ l++a  i~ the 
ma in  ~ and pe r iod ic  in x with pe r iod  h (l - 0 is an in teger ,  and 0 < a < 1). We denote by C~. 0 (Re ) ' (C ; .  
for  short)  the subspace  of h - p e r i o d i c  funct ions  with ze ro  mean  in the space  C ~  q ( R e  t) (her'~ Re 1 is the L''" 
r e a l  axis) .  F o r  fixed ~ (x) we cons ide r  the p rob l em of de t e rmin ing  a solut ion v, p to the s y s t e m  (1.1) in the 
domain  ~2, sa t i s fy ing  the condi t ions  (1.2)-(1.4),  (1.6), and the addi t ional  condi t ion 

h i 

0 ~ ( x )  

[we call  this the aux i l i a ry  p rob lem with r e s p e c t  to the init ial  p rob lem (1.1)-(1.7)].  

F 3 + c t  LEMMA 2.1. T h e r e  ex i s t s  e (0 < e<  1) and Re0 > 0, such that  for  tl ~ ~h,0 , I~]1 (3+~) ~ e and lie C [0, Reel 
�9 2 c~ i ~ the p rob l em (1.1)-(1.4),  (1.6), (2.1) has  a solut ton v~Ch' ( 0 ,  P0~C~+~(~i; this  solut ion is unique in some 

bal l  V.. ~.++~) ip01(ot+~) C~+~ C~ +~ (51. p+o + ~ c o n s t  in the space  (~) • 

H e r e a f t e r  the e x p r e s s i o n s  l.l('+:) and I.]~ +~) denote the app rop r i a t e  H~lder  n o r m s ;  the nota t ion 
v ~ C h  !-Q) means  that  eve ry  componen t  of the vec to r  v be longs  to the space  C/h + c~ (~). 

We give the highl ights  of the p roo f  of the l emma.  Let  us map the domain  ~ onto the s t r ip  H = { zt, 
z2 : ]zl] < .r 0 < z 2 < 1} in the zlz~ plane by means  of the t r a n s f o r m a t i o n  
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y -- n (z) z l = x ,  zo. t--~(z)" 

Because  of (1.1) the functions u(zl, z 2) = v(x, y) and q(zl ,  z2)~p 0 (x, y) in the s t r ip  II sat isfy the sys tem of 
equation s 

Au~-Re(a. V~+u.va  ) -- v q : ) ,  V "u=fa, (2.2) 

where a = ( c - 3  (1-z2) /2 ,  0); V and A a re  the gradient and Laplacian with r e sp ec t  to the var iables  z~ and 
z 2. The conditions (1.2)-(1.4), (1.6), and (2.1) genera te  the following boundary conditions for the sys tem (2.2): 

u----O for z~=t; (2.3) 

u~-{-(c - -  3/2)~1'-~/~ for z ,=0 ;  (2.4) 

0z~ ~ - ~ - 3 ~ = ~  for z~=O; (2.5) 

u(zy-}-h,z,)-=u(z~, z~ ), q(zx+h,z~)-=q(z~, z,); (2.6) 

h l 

~qdzldz~=u. 
oo 

(2.7) 

We do not give he re  the express ions  for the components f , , f 2  of the vector  f ,  the functions f3,  f4 ,  f s ,  and 
the constant n .  The important  thing he r e  is only that for  u E  C2a'~ (H), q E C~ -~ (H), '1 E C~+~(111 (~+~) ~< % < i), 
Re~[0,  Reol and c ~ [ - -  N, N](INI <oo)  the re la t ions  f5 EC~+:(Re'),~E C~(n), 1~ ~ C~ +~ (~), / ,  ~ C~ +~ (Re') 
hold along with the es t imates  

,,~,(2+r -4-Iq[~ +=) 

i1,1~ +~) + I h l ~  =) " ' "  '<'+~) c~ Inl (a+~) ~ -r V61R~' + Ixl < lul~ +~') + C,_ (I,l/(a+~>) *, 

(2.8) 

where 01 and C 2 depend only on e0, Re0, and N (hereaf te r  the symbols Ok, k = 1, 2, 3 . . . .  denote posit ive 

constants) .  In addition, if the function f s  cor responds  to the solution u, q of the auxi l iary  problem, in 
C~+~ i~l(*+~) which ~? is rep laced  by ~ E ,~0 , <~ %, then 

Ils - -  ~ / ~  +~) < C8 in - nl(a+~)(l~l~ ) + I~1~ ) + Ca [u - ul~)(inl(a+~) + 1~11(3+~)), (2.9)  

where C 3 depends only on Co, Re0, and N. The functional ~ and the differential  express ions  7 ~, f r  and fh ,  
t rea ted  as opera tors  on ~?, u-', q, have analogous Lipshitz continuity p roper t ies .  

The solvability of the problem (2.2)-(2.7) for small  ~ is proved by the method of success ive  approxi-  
mations.  For  the s tar t ing approximation u ~ q0 we take the solution to the l inear  problem 

->  _> .-> _> ->  _~ 

V U ~  - Re(a. V u~ u~ Va) --Aq~ O, V" u~ 
(2.10) 

u~ for z_,=l; (2.11) 

u~ ~- (c -- 3/2) ~1' := 0 for z2=0 ;  (2.12) 

0z~_ dz: --3~1 := 0 for z.~ = 0; (2.13) 
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-~*(z,-}-h. z:)=~o(z,,z~), q~ z~):::qS(z~, z~); (2.14) 

h 1 

i" [ q'dz~dz.. := @. 
0 0 

(2.15) 

Let  w be  an a r b i t r a r y  solenoidal  v e c t o r - v a l u e d  function,  h - p e r i o d i c  in z~, of c l a s s  ~2(~),  s a t i s fy ing  
cond i t i ons  (2.1!) and w 2 = 0, ~wi/O z2 + 0w2/8 zl = 0 for  z 2 = 0; q is an a r b i t r a r y  function,  h - p e r i o d i c  in zl, o f 
c l a s s  C i (II), and o~ is the r i gh t  t r i ang le  0 < zi < h, 0 < z 2 < 1. We have the inequal i t ies  

- i v ;  + w .  - v q i .  > 

> Ozk ~ I --  3 Iwt ~ dz >~ 
"~, 1 

) (2 --  3ReC4C5) C~ (t " -~ "~"(~) ~ C5) (:i~L[i2,~,), 

,(t) w h e r e  C 4 (h) and C 5 (h) a r e  the cons tan t s  in the C o r n a t  and P o i n c a r e  inequal i t ies  for  the domain  w [6]; 11" 1~, ~0 
denotes  the n o r m  in t__heSobolev space  W~ (co). We choose  Re0 = 1 / 2 c 4 e 5 ,  which is then fixed. Then for  
Re~(0,Reol the solut ion to_~the p rob lem (2.10)-(2.15) admi t s  an a p r i o r i  e n e r g y  e s t ima te .  The  ex i s t ence  of 

�9 ~ . , . . . . .  

holds :  

. ,(l+,z) 
luOl@ +a) -~ q-lrt ~ C6 I~ll (3+~). ( 2 . 1 6 )  

The subsequent  app rox ima t ions  un+t, qn+l(n >_ 0) to the solut ion of  the p rob l em (2.2)-(2.7) a r e  d e t e r -  
mined  f r o m  l inea r  inhomogeneous  p r o b l e m s  of the type (2.10)-(2.15). The r i g h t - h a n d  s ides  of the r e s p e c t i v e  
equat ions and of the boundary  condi t ions  a r e  obtained by subst i tu t ing the funct ions  u n,  qn into the e x P r e s -  
s ions  for  f . . . . .  n .  P r o c e e d i n ~  f r o m  the ini t ial  e s t i m a t e  (2.16), the inequal i t ies  (2.8) and (2.9)Land the 
ana logous  inequal i t ies  for  ]~_  ]l(n =) . . . . .  ]• we can  prove  the  c o n v e r g e n c e  of the sequence  ~ n ,  qn} to 
the solut ion of p rob lem (2.2)-(2.7),  if I~l(3+a) <- ~ and e~[0 ,  %], whe re  G 0 > 0 is suff ic ient ly  smal l .  The 
a s s e r t i o n  of the solvabi l i ty  of the aux i l i a ry  p rob l em can be s t rengthened .  In the fo rmula t ion  of L e m m a  2.1 
any number  l e s s  than the c r i t i c a l  Reyno lds  number  for  Po i s eu i l l e  flow in a plane channel  can be  chosen  fo r  

Re 0. 

On the b a s i s  of L e m m a  2.1 t he re  is defined an o p e r a t o r  A for  Re~[0 ,  R%] which a s s o c i a t e s  with the 
, . . ,3-.b,z ] 3 + ( ~  funct ion ~1 ~ ~h.0 for  ]~ <-- ~ the e x p r e s s i o n  

A0])= { - -  P0 : -  2(1+'1'2) -1 [% - - ~ ] ' ( u u §  - -  3~l)~-~l'2u~l]ty=nr (2.17) 

w h e r e  A [~l (x)l ~ C~ +~ (Re'). We note that  the funct ion P0 d i f fers  by a cons tan t  f r o m  the p componen t  of the 
solut ion to p rob l e m  (1.1)-(1.7), so that  p = P0 + C. Put t ing  Eq. (2.17) into the a s  ye t  unused condi t ion at  the 
f r ee  boundary  (1.5) and e l imina t ing  the cons tan t  C, we a r r i v e  at the r e l a t i on  

B(~I) ~A(~I) --  -A~-ReW-I(I+~I'2)-~/'2q"=0, (2.18) 

w h e r e  7, d e n o t e s  the  m e a n  v a l u e  of  t he  f u n c t i o n  A p? (x)] on the  i n t e r v a l  (0, h).  T h e  o p e r a t o r  B is  de f i n ed  in 

-- C3+c~ h,0 " the bal l  ]~ (x)l 3+ a < s of the space  h,0 and goes to the space  C i + a  The o p e r a t o r  equat ion  (2.18) is 
equivalent  to the p rob lem of ro l l i ng  waves  (1.1)-(1.7).  

We define the f u n c t i o n s v  ~ = (u ~ v ~ and p0 ~ by the r e l a t i o n s  

-/,o (x, u) = z,-:~ (z .  ~:) p~ (x, u) = q~ 
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w h e r e u  0, q0 is a solut ion to (2.10)-(2.15).  It  can  be seen that  v ~~ p0 d e t e r m i n e  the solut ion of the p r o b l e m  
(1.1)-(1.4),  (1.6), and (2.1) l i nea r i zed  in the v ic in i ty  of  ~ = 0, in which condi t ions  (1.3) and (1.4) a r e  placed 
on the unpe r tu rbed  f r ee  boundary  ~ = 0. We note tha t  v ~ ~ C~+~(H), p~ ~ C~+~(1]), if ~ ~ C~.~ . In addit ion,  
as  a consequence  of (2.10)-(2.15) and (1.7) the mean  value of the funct ions  v~ (x, 0) and p~ (x, 0) on the in-  
t e r v a l  (0, h) is equal  to ze ro .  Since the mapp ing  ~? -* (v ~ p0) is l inea r ,  it defines a l i nea r  o p e r a t o r  

L(~) (_  ~ o. "~ 2v :/ )l.,=o , 

3+tT 1+~ 
going f r o m C h ,  0 tOCh,  0 �9 

(~+~) 
LEMMA 2.2. We take the F r e c h e t  de r iva t ive  of the o p e r a t o r  B in the bal l  ,, h, 0 - e .  

de r iva t ive  at  z e r o  B~ is given by 

(2.19) 

The F r e c h e t  

B0 (~l) = L 01) ~- ReW-~l  ',. (2.20) 

The defini t ion of the F r e c h e t  de r iva t ive  and the equal i ty  B (0) = 0 imply  the r e p r e s e n t a t i o n  B (~) = 
B~0?) + F (77), whe re  IF 07)] (1-~) = 0 (l~?I(3+c~))forl~?l (3+q) --* 0. We need m o r e  p r e c i s e  i n fo rma t ion  about  the 
o p e r a t o r  F,  which is con ta ined  in the fol lowing a s s e r t i o n .  

~3+~ LEMMA 2.3. F o r  any ,}, ~ ~ ~-h.0 , such that  t~?[ (3+~ t~:l (3+c~) _< ~ we have the e s t i m a t e  

IF01) _ F(~) 1 (~+~)~ C:[) ~ ~t(a+~)(l~]l(s+~) b i~l(a+a)), (2.21) 

where  C 7 does not depend on ~ and ~. 

The  proofs  of the L e m m a s  (2.2) and (2.3) a r e  s imple ,  but  in t r i ca te ,  and they  a r e  not  given h e r e .  As a 
consequence  of (2.20) and the defini t ion of F (77) the o p e r a t o r  equat ion (2.18) can be r e w r i t t e n  in the f o r m  

L(~)-L ReW-X~l,,_~_ F(~) = 0. (2.22) 

3. PROPERTIES OF THE LINEAR OPERATOR L 

The further course of our examination of the problem of rolling waves consists of the reduction of the 

problem to an operator equation of the form ~ = r (~), where �9 is an operator which is differentiable in the 

ball  [~I (3+a) <- r in the space  C ~ ;  *(0)  : 0 and the F r e c h e t  de r iva t ive  5~ is  a c o m p l e t e l y  cont inuous  o p e r a -  
. 

to r .  In o r d e r  to c a r r y  out the r e f u c t l o n ,  it is n e c e s s a r y  to study the p r o p e r t i e s  of the o p e r a t o r  L. 

It will  p rove  convenient  to extend,^,the ope ra to r  L to complex -va lued  funct ions and t r e a t  it a s  an o p e r a -  
. . . . . . . .  e,~,~ com~3+ah 0 to C~ 0 [ c ~  + ~ l + a  , is the space  of funct ions  of the f o r m  r (x) + i@ (x) ,rwhere (p and to," 

a r e  r e a l  funct ions  of the c l a s s  Ch, 0 ]" l~u r the rm~  n denotes  a nonze ro  in teger  and fi = 2 / h .  

LEMMA 3.1. The funct ions exp (infix) a r e  e igenfunct ions  of the o p e r a t o r  L. 

F o r  the p roo f  we note that  if~? = exp (infix), then because  of  (2.10)-(2.15) the funct ions v ~ and p0 a r e  
of  the f o r m  

v~ = Zn (Y) exp ( in ,  x), p~ = ~,~ (y) exp ( in ,x ) .  

The a s s e r t i o n  of the l e m m a  fol lows f r o m  h e r e  and the defini t ion (2.19) of  the o p e r a t o r  L. 

Thus ,  L [exp (infix)] = ~nexp (infix). Separa t ing  the v a r i a b l e s  in (2.10)-(2.15),  we get  a r e p r e s e n t a t i o n  
of the e igenva lues  ~n of L in the f o r m  

t " i r e s  
)~n - -  (n~)~ qD (0) ~-  3 ~  (0) - -  ~ ~ (0), (3.1) 

where  q~ = r (y, Re,  s, nil) is the solut ion to the O r r - S o m m e r f e l d  equat ion 

"~'--  2k2~+ /~'~ + ikRe[(s + 3y2/2) (~ --  k2(p) --  3q~]----0, (3.2) 
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sa t i s fy ing  the boundary  condi t ions  

~ ( 0 )  = - - ~ k ~ ,  ~ ( 0 ) = - - 3 ~ k +  ~k~s, ~ ( i )  = ~ ( l )  = 0 ,  (3.3) 

and we have  in t roduced  the notat ion s = c - 3 / 2 ,  k = nfi; a dot denotes  d i f fe ren t ia t ion  with r e s p e c t  to y.  

We denote by L 0 the ope ra to r  L with Re = 0 and we se t  5 L = L -  L 0. The  e igenva lues  Xn0 of  L 0 can be 
ca lcu la ted  expl ic i t ly:  

~k2 [2s (oh 2 k ~- k 2) - -  31 (3.4) t.n0 ----- ch k ~h k - -  k 

(k = nfi). In view of the r e a l i t y  of s, all ~'n0 a r e  pure ly  imag ina ry .  Fo r  n--* .o we have the r e p r e s e n t a t i o n  

~,no = 2/s(n~)~signn-b 0(e-t 'l$). (3.5) 

The o p e r a t o r  L d i f fers  f r o m  L 0 by subordina te  t e r m s ,  which a r e  sma l l  a long with Re.  It can  be  p roved  that  
fo r  Re~[0 ,  Re o] and for  any in teger  n ,* 0 the e s t ima te  

]kn - -  )~n01 ~ CsRe([n][3~-l), (3.6) 

holds ,  where  C 8 does not  depend on Re and s for  0 -< Re ~- Re 0 and Is I <- N (N is any posi t ive  number) .  The 
p roo f  of the e s t ima te  {3.6) is omit ted.  It u ses  s t andard  techniques  in the a sympto t i c  expans ion  of solut ions  
to o r d i n a r y  l inear  d i f ferent ia l  equat ions  containing a l a rge  p a r a m e t e r  {see, e .g . ,  Wazow [8]). 

LEMMA 3.2. T h e r e  ex i s t s  ~/> 0 such that  fo r  Re~[0,R%], lsl - N the o p e r a t o r  B~-~ '  has  an inve r se  
(B0 - -  ~ , ) - '  : C~.+0 ~ - ~  ~ 3 + ~  , t-" h ,  {) �9 

P r o o f .  A c c o r d i n g  to definit ion (2.20), B~ = L 0 + ReW-ld2/dx  2 + 6L .  The funct ions  exp (infix) a r e  e igen-  
funct ions of the o p e r a t o r  B ~ -  5L, to which c o r r e s p o n d  the e igenvalues  )~n,0-ReW -1 (nfi) 2. This  toge the r  
with (3.5) impl ies  that if (B~ - -  5L)(]) E e~ and f E c~ then ] E c~ F r o m  the defini t ion of 
the o p e r a t o r s  L 0 and 5L and the e s t i m a t e s  of the solut ion to (2.10)-(2.15) in the H~lder  c l a s s  i t  fol lows that  
8L(]) E comCh.0".+=, if ] =rc~ �9 This  m e a n s  that  the o p e r a t o r  D = (B~- 6L) -1 ( S L -  ~/) is comple t e ly  cont inu-  
ous in comc~+,~,  and the o p e r a t o r  I + D is F r e d h o l m .  F o r  I + D to be inver t ib le ,  it suf f ices  that  t he re  be 
no nont r iv ia l  solut ions to the equat ion (I + D ) ( f )  = 0. E v e r y  solut ion to this  equat ion of c l a s s  c o m c ~ + ~  is 
r e p r e s e n t a b l e  in the f o r m  Z f n e x p  (infix), whe re  the coef f ic ien ts  f n  a r e  sub jec t  to the condi t ions  

[~. - -  R e W - ' ( n ~ )  ~ - -  71/n=O. 

Choos ing  V = C~Re0W/2 and taking into account  (3.4) and (3.6), we find that  al l  f n  = 0, if  .Re~[0,Re0]. In 
r + 

view of the identi ty (B 0 -  5L) (I D) = B~-V,  the ex i s t ence  of  the o p e r a t o r s  (I + D) -1 and (B 0 -  6L) - i  impl ies  
the ex i s tence  of the ope ra to r  (B~-V)- i.. com,~l~h,0+a _~ comc~+C~n, 0 " To comple te  the p r o o f  of the l e m m a  it r e -  
ma ins  to note that  the o p e r a t o r  (B~-~/)- t takes  r e a l  funct ions into r e a l  funct ions .  

It is c l e a r  that  (B~-~/) -1 can a l so  be viewed as  an o p e r a t o r  ac t ing  in the space  c ~  P r o c e e d i n g  
f r o m  e s t i m a t e s  of the Schauder  type for  the solut ions  to (2.10)-(2.15),  we can  es tab l i sh  the comple t e  con -  

C 3+a) comL~ t inuity of  this  ope ra to r  in c~ (and, consequent ly ,  in the r e a l  space  h, o �9 We denote by the 
subspace  of  the complex  space  c o m L  2 (0,h) cons i s t ing  of the funct ions  with z e r o  m e a n  vaIue on the in t e rva l  
(0, h). The o p e r a t o r  (B~-V) - i  can  be extended to a comple te ly  cont inuous o p e r a t o r  in c~ b e c a u s e  it has  

com ' a comple te  s y s t e m  of e igenfunct ions  {exp (infix)} in L2, to which c o r r e s p o n d  the e igenva lues  

~tn= [)'n --  R e W -  1(n~)2 --  7] -1. (3.7) 

The e igenvalues  Pn a r e  complex.  However ,  if ~n is a r e a l  e igenvalue,  then it is  a t l e a s t o f  mul t ip l ic i ty  two. 
The c o r r e s p o n d i n g  (real) e igenfunct ions  a r e  cos  (nflx) and sin (n fix). The twofold degene racy  of the r e a l  
s p e c t r u m  of (B~- T)-i  is connected  with the inva r i ance  of the p r o b l e m  (2.10)-(2.15) with r e s p e c t  to t r a n s l a -  
tion of x. 

LEMMA 3.3. F o r  suff ic ient ly  smal l  Re > 0 there  exis t  s and /3 such that  (B~- ~/)-i has  a twofold 
e igenvaiue #i  = - ' / - i .  
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P r o o f .  As a c o n s e q u e n c e  of (3.7) the  e i g e n v a l u e  Pi  = - y - i  of the  o p e r a t o r  (B' 0 -  T) - i  c o r r e s p o n d s  to 
the  e i g e n v a l u e  ;~1 = ReW-l f i2  of the  o p e r a t o r  L. Le t  us show tha t  for  s m a l l  Re  the s y s t e m  equa t ions  in s 

and  fi 

Reai~u(Re, s, ~) - -  R e W - ~ 2 = 0 ;  (3.8) 
ImX1(l:{e, s, ~)----0 

h a s  a r e a l  so lu t ion .  

L e t  us denote  5~ 1 = ~1-~10 ,  w h e r e  ~10 is d e t e r m i n e d  by Eq.  (3.4), in which  we have  s e t  k = ft. F r o m  
the de f in i t ion  (3.1)-(3.3)  of the  e i g e n v a l u e s  of the o p e r a t o r  L c o m e s  the e s t i m a t e  

]6~,1[ ~< C,Re, 

w h e r e  Cg does  not  depend  on Re ,  s ,  f~ for  0 -  Re <- R e 0 , 1 s l < -  N, 0-< fl-< fl0 (fl0 is  an a r b i t r a r y  p o s i t i v e  
n u m b e r ) .  In add i t ion ,  f r o m  the de f in i t ion  of  ~n fo l lows  the r e p r e s e n t a t i o n  ~n =A (Re, s, nil), w h e r e  A i s  s o m e  
s t a n d a r d  (smooth)  funct ion .  F r o m  th i s  and  the e s t i m a t e  (3.6) we ge t  the inequa l i t y  

[~}~I[ ~ C10Re~ (3.9) 

With ReE[0,Reo]  , Isl ~ N, ~ ~ ~o, w h e r e  C10 does  not  depend  on R e ,  s ,  and  ft. 

F o r  f ixed  fl >- 0 l e t  us c o n s i d e r  the  s e c o n d  of the  r e l a t i o n s  (3.8) a s  an equa t ion  with r e s p e c t  to  s.  T h i s  
equa t ion  can  be  w r i t t e n  in the f o r m  

3 ch~sh~--]3 . ~^ (Re, s,~). 

T a k i n g  (3.6) into accoun t ,  we ge t  an  a p r i o r i  e s t i m a t e  of  the  so lu t i ons  to (3.10): 

(3.10) 

s - -  3 t c,,c8 (N) Re p (3.11) 
2 (ch 2 ~+~2)] ~ ~a + t ' 

w h e r e  C11 is  s o m e  a b s o l u t e  c o n s t a n t .  L e t  us c h o o s e  s o m e  f ixed  N _> 2. Then fo r  0 <-- Re  -< Re 1 = min(Re0 ,  
1 /CI IC  8 (N)) and  any fl >- 0 we have  Isl -< 2. 

In o r d e r  to p rove  the e x i s t e n c e  of  a so lu t ion  to (3.10), we have to e s t i m a t e  the m a g n i t u d e  of  the  d e r i v -  
a t ive  0 ( I m S ~ l ) / ~ s .  I t  t u r n s  out  tha t  for  any ~>0 ,  R e ~ [ 0 ,  Re0] and s,  Is I <- N,  the  fo l lowing  e s t i m a t e  is  
va l i d :  

I0 (imS.~u) % U12 (N) Re. (3 .12) 

The  p r o o f  of t h i s  e s t i m a t e  i s  not  c o m p l i c a t e d  but  c u m b e r s o m e  and is  not  g iven h e r e .  In v iew of  (3.11) and 
(3.12) t h e r e  e x i s t s  R e  2 (0 < Re  2 < Rel)  such tha t  for  R e ~ [ 0 ,  Re~] and  any fl >- 0 Eq.  (3.10) has  a unique 
so lu t i on  s* on the i n t e r v a l  Isl - 2. Th i s  so lu t i on  is  a con t inuous  funct ion of  the  p a r a m e t e r s  R e  and ft. 

We i n t r o d u c e  the no ta t ion  

[(Re, ~)~Rea]Xl[Re, s . (Re, '~) ,~]  - -  R e W -  ,~e, 

and r e w r i t e  the f i r s t  equa t ion  in (3.8) in the  f o r m  

(3.13) 

~(Re, ~)=0.  (3.14) 

The  funct ion  } is  con t inuous  in the d o m a i n  0 -- Re  ~ Re2, fi >- 0, and  }(0, fl) = 0. Equa t i ons  (3.13), (3.4), 
and  (3.9) i nd i ca t e  that  } - -  - ~r for  fi - -  - r162 and any W > 0, Re~(0,Re2) .  Thus ,  fo r  the  s o l v a b i l i t y  of Eq. 
(3.14) for  s m a l l  Re i t  is  su f f i c i en t  to e s t a b l i s h  tha t  ~(Re, 0) > 0. 

F o r  the p r o o f  of th is  f ac t  we e m p l o y  the r e p r e s e n t a t i o n  i m p l i e d  by Eqs .  (3 .1)- (3 .3) :  
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Real~ 1= Re~ 11 -i--f(Re,~), (3.15) 

where  z = 0 ( R e  2) for  R e ~ 0 , ~ [ 0 , ~ o ]  and hi1 (fl) =-(1//32) ' r  + 3~(0 ) - ( i s0 /~ )  ~0(0). H e r e  the funct ion 
~o0(y) is a solution to the bounda ry -va lue  p rob lem (3.1), (3.2) with Re = 0, s 0 = s .  C0, fl) = 3 /2  (ch2fl + /32) 
(3.10), (3.1!) ,  while $ (y) sa t i s f ies  the equat ion 

"~i" --  2 ~ +  ~ ' r  [(so+ZyV2) ( '~o--~%)--3%] 

and the boundary  condi t ions  ~ (0) = $'(0) = $ (1) = r (1) = 0 (note that  the function (P0 a s s u m e s  pure ly  i m a g i n a r y  
values) .  Simple computa t ions  give the value )~11 (0) = 18/5.  By v i r tue  of (3.15), (3.13), and the e s t ima te  

= O(Re 2) we conclude that  $ (Re, 0) > 0 for  0 < Re <- Re3, where  Re 3 ~- Re 2 is suff ic ient ly  smal l .  This  
p roves  the solvabi l i ty  of Eq. (3.14) and, hence ,  of the s y s t e m  (3.8). 

Le t  ReE(0,R%] and s , ,  f l ,  be a solut ion to the s y s t e m  (3.8). We shal l  show that  for  smal l  Re the 
ident i ty  ~ n -  A(Re,  s , ,  ni l . )  = ReW-lfl2, cannot  be sa t i s f ied  for  any n not  equal  to 1 or  - 1 .  As  a con-  
sequence of Eqs.  (3.4), (3.6), and (3:11) we have 

3 (n~,) ~ I ch'~ ("f~*) § (nf~,)" 
Im ~ = ch (n~,) sh (n~,) -- n~, ch ~ ~, § ~,2 l ]  § 0 (Re,  n), 

where  the funct ion 0 is e s t i m a t e d  by 10 l <- Cl~ Re [n] 2 with some  cons tan t  C13. If  lnl > 1 and Re - Re 3 is  
suff icient ly smal l ,  then Im X n # 0, which impl ies  the des i r ed  r e su l t .  F r o m  the inequal i ty  hn # ReW-lfl*2 in 
view of {3.7) it fol lows that  ~n # _ T - I  for  In] ,* 1. This  m e a n s  that  the n u m b e r  - T  -I  is no m o r e  than a two- 

T i fold e igenvalue of the o p e r a t o r  ( B 0 - T ) -  . Since it  is r ea l ,  it has  p r e c i s e l y  mul t ip l ic i ty  two. L e m m a  3.3 is 
proved.  

We note that  the s y s t e m  (3.8) was  c o n s i d e r e d  by Yih [9], who ana lyzed  the s tabi l i ty  in the l inea r  ap-  
p rox ima t ion  of the flow down an incl ined plane.  However ,  in tha t  paper  the p a r a m e t e r  fl was  a s s u m e d  given, 
while the unknown quant i ty  s was  not a s s u m e d  rea l .  Goncharenko  and Ur in t s ev  [10] inves t iga ted  the s tabi l i ty  
of this p r o b l e m  in a b road  r a n g e  of  the dec i s ive  p a r a m e t e r s .  

4 .  E X I S T E N C E  O F  R O L L I N G  W A V E S  

THEOREM 4.1. T h e r e  ex i s t s  R e ,  > 0 such that for  0 < Re ~ R e .  the p r o b l e m  (1.1)-(1.7) has  a one-  
p a r a m e t e r  Cup to a shift  in x) fami ly  of solut ions .  

P r o o f .  Choose  R e ,  such that for  Re~_(0, Re.] the a s s e r t i o n  of L e m m a  3.3 is sa t i s f ied .  

As  shown in Sec.  2 the p r o b l e m  of the b i furca t ion  of (1.1)-(1.7) is equivalent  to the o p e r a t o r  equat ion 
(2.22). This  equat ion can be b rough t  to the f o r m  

~l = --  ? (B'0 --  7 ) - '  (~l) --  (B0 --  ? ) - '  F (~). (4.1) 

w e  shal l  p rove  the ex i s tence  of nont r iv ia l  solut ions to Eq. (4.1). Note tha t  if ~?(x) is a solut ion to this  
equation,  then rT(x + a) will  a l so  be a solut ion for  any a = const .  This  fol lows f r o m  the inva r i ance  of  Eqs .  
(1.1) and condi t ions  (1.2)-(1.7) under  t r a n s l a t i on  with r e s p e c t  to x. 

The o p e r a t o r s  (B~-T)  -I  and F depend cont inuously  on the p a r a m e t e r s  Re ,  W, s = c - 3 / 2 ,  and fi = 
2~r/h. We fix Re-~ (0,Re,], and W 0 > 0 and choose  for  s and fl the solut ion to Eqs .  (3.8) c o r r e s p o n d i n g  to the 
given Re and W 0. The p a r a m e t e r  W r e m a i n s  at  our  d isposal .  We denote 

q = - v ( B ~ - -  ~ ) ~ = ~ ~  6Q = - v (B~ - -  ~) - -  Q; v = - ( B ;  - -  V) -~  F,  

and wr i te  Eq. (4.1) in the f o r m  

= q(n) + 6Q(,I) 17(,I)- (4.2) 
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F r o m  the definition of the nonlinear  ope ra to r  T, the inequality (2.21), and the c la im of L e m m a  3.2 there  
follows the e s t ima te  

(4.3) 

for any ~l, ~ ~ C~,o~Cl~l] (~+~), ]~1 (~+~) ~<e and any W ~  [W~, W~] ,0~W~<W0< W:<~(C~ is independent of 
C s+~ (see Sec, 3) The definition ~, [ ,  and W). The l inear  opera to r  Q and 8Q a r e  comple te ly  continuous in h, 0 

of 6 Q and the p rope r t i e s  of the opera to r  tl~ imply the inequality 

(4.4) 

for  any ,] ~ C~.0 , W ~ [W,, W~]. 

The l inear  ope ra to r  Q has  the twofold eigenvalue 1 with co r respond ing  eigenfunctions cos  fix and 
sin fix. It can be seen that these  functions a r e  also eigenfunctions of the adjoint opera tor .  We introduce 
into cons idera t ion  the opera to r  S act ing accord ing  to the ru le  

SO1)=Q(~I) --  az-~ ~[01, cos ~3x) cos [~x~', (~l, sin l~x) sin [3x] 

[the symbol  (,) denotes the sca l a r  product  in L 2 (0, h)]. According to the genera l ized  Schmidt l emma  (see,  
e .g. ,  Vainberg and Trenogin  [11]) unity is  not an eigenvalue of S. Setting 

,~-~(n, cos 130:)=h, a - ~ ( n ,  sin ~ ) =  ~:, (4.5) 

we obtain f r o m  (4.2) the equation 

(I - -  S) (~1)= ~1 cos [3xq-~a sin fJx-~5OOl)-)TOl). (4.6) 

F,rom the bound~edness of ( I -S )  -1 and the e s t i m a t e s  (4.3) and (4.4) we conclude that for su f f i c i en t l y sma l l  
(~ [ = (~[ + $~)1/~ and Iw-w01 Eq. (4.6) has a unique solution ~--C a+r such that  I~?[ 3+~ 0 when ~ -* 0 ml~ h,0 , " ~  
and W-*  W0. 

To de te rmine  the poss ib le  values  of ~ = (~1, ~2) it is n e c e s s a r y  to subst i tute the obtained expres s ion  
for ~?(x) into Eqs.  (4.5), which leads to the sy s t em of bifurcat ion equations 

%(;. g2, w ) = ; l ,  %(g. i2, w ) =  ~_, (4.7) 

It turns  out that the sys t em (4.7) can be reduced  to a single equation re la t ing  only ~1 and W. For  this  we 
use the invar iance of Eq. (4.2) with r e s p e c t  to t r ans la t ions  in x. This  invar iance  impl ies  the group p rope r ty  
of Eq. (4.6), r e p r e s e n t e d  by the t r ans fo rma t ion  

ie -+ ii sin ]3a" i~ cosfJa, ~1 --+ ~1. 

This  means  that if Eqs. (4.7) have a nontr ivial  solution ~I, ~2, then the~ have a o n e - p a r a m e t e r  fami ly  of 
solutions obtained f rom the given solution by a rota t ion of the vector  ( t h r o u g h  an a r b i t r a r y  angle.  T h e r e -  
fore,  we can set  $ 2 = 0 at the s t a r t  and cons ider  instead of (4.7) the equation 

q~l(~l, O, W)---.~ i l"  (4.8) 

For  fixed ]~ I we thereby single out one of the solutions to Eq. (4.6), for which 07, sin fix) --- 0. The pos-  
sibility of reducing the sys t em of bi furcat ion equations by using the group p rope r t i e s  of the branching prob-  
lem was es tabl i shed by Loginov and Trenogin  [12]. 

In Eq. (4.8) it is convenient to consider  ~t as  given and W as unknown. A s imi l a r  method was used 
by Yudovich [13]. The definition of ~1 impl ies  the r ep re sen ta t i on  r (~1, 0, W) = }l [1 + r (~1, W)], where  r 
i s  a smooth function, while r(0,  W0) = 0. Fo r  local  solution of Eqo (4.8) with r e spec t  to W, i t  is  sufficient 
to ver i fy  that rw(0  , W0) ~ 0. Computation yields  
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rw(O, Wo) = "~ aw~.v=wo ~w~ > 0  

[here ~i is the first eigenvalue of (B'0-T) -i, determined by Eq. (3.7), and the positive parameters Re and fl 
were previously fixed]. Solvability of Eq. (4.8) means that for any W sufficiently close to W 0, Eq. (4.2) has 
a nontrivial solution --~3+~ ~ , . 0  , with ]~?I ~+~ --" 0 for W-- W 0. In view of the arbitrariness of W 0 > 0 it fol- 
lows that for any fixed ReE(0, Re, ] and W > 0 up to a shift in x Eq. (4.1) has a one-parameter family of 
small solutions (]~?I 3+c~ may be taken as the parameter). We have thus established the existence of a one- 
parameter family of solutions to the problem (1.1)-(1.7). 

In conclusion, we note that the bifurcation problem considered here is a very particular case of the 
general problem of rolling waves. Of undisputed interest would be the generalization of Theorem (4.1) to 
the case of arbitrary Reynolds number and also the proof of the existence of rolling in an inclined plane. 
The main obstacle in the way is the lack at present of any analog to Lemma (3.3) in these cases. 

Even more difficult is the problem of the existence of three-dimensional spatially periodic motions 
in a fluid layer flowing down an inclined plane. We note that in the case of a vertical plane this problem 
has been positively solved by Nepomnyashchii [14] in the long-wavelength approximation. 

In the present paper we have not touched upon the question of stability of rolling waves. The stability 
of the wave regimes of flow down an inclined plane was studied in the linear approximation by Shkadov [15] 
and Nepomnyashchii [16, 17]. The stability of the wave motions of a viscous fluid in the exact formulation 
is a completely open question. 

LITERATURE CITED 

1. P . L .  Kapitsa, "Wave flow of thin sheets of a viscous fluid, n Zh. Eksp. Teor .  Fiz. ,  1__88, No. 1, 3-18 
(1948). 

2. Yu. P. Ivanilov, "Rolling waves in an inclined channel, n Zh. Vychisl. Mat. Mat. Fiz., _1, No. 6, 1061- 
1076 (1961). 

3. V. Ya. Shkadov, "Wave regimes of the flow of athin sheet of viscous fluid under the action of gravity, n 
Izv. Akad. Nauk SSSR, Mekh. 7hidk. Gaza, No. 1, 43-51 (1967). 

4. C.C. Mei, nNonlinear gravity waves in a thin sheet of viscous fluid," J. Math, Phys., 4__55, No. 3, 266- 
288 (1966). 

5. V.S. Krylov, V. P. Vorotilin, and V. G. Levich, nOn the theory of wave motion in thin fluid films," 
Teor. Osn. Khim. Tekhnol., _3, No. 4, 499-507 (1969). 

6. V.V. Pukhnachev, "Plane steady-state problem with a free boundary for the Navier-Stokes equation," 
7h. Prikl. Mekh. Tekh. Fiz., No. 3, 91-102 (1972). 

7. V.A. Solonnikov and V. E. Shchadilov, "On a boundary-value problem for a steady-state system of 
Navier-Stokes equations, n Tr. Mat. Inst., Akad. Nauk SSSR, !25, 196-210 (1973). 

8. W. Wazow, Asymptotic Expansions for Ordinary Differential Equations, Wiley (1966). 
9. Chia-shun Yih, nStability of liquid down an inclined plane, n Phys. Fluids, 6, No. 3, 321-334 (1963). 

10. B.N. Goncharenko and A. L. Urintsev, nOnthe stability of flow of a viscous fluid down an inclined 
plane, n Zh. Prikl. Mekh. Tekh. Fiz., No. 3 (1975). 

11. M.M. Vainberg and V. A. Trenogin, Theory of Bifurcation of Solutions of Nonlinear Equations [in 
Russian], Nauka, Moscow (1969). 

12. B.V. Loginov and V. A. Trenogin, "On the use of group properties to determine many-parameter 
families of solutions to nonlinear equations," Mat. Sb., 85(127), No. 3(7), 440-454 (1971). 

13. V.I. Yudovich, "Generation of self-oscillations in fluids," Prikl. Mat. Mekh., 3__55, No. 4, 638-655 
(1971). 

14. A.A. Nepomnyashchii, ~Three-dimensional spatially periodic motions in fluid films flowing in a ver- 
tical plane," in: Hydrodynamics [in Russian], No. 7, Perr~ (1974), pp. 43-52. 

15. V. Ya. Shkadov, "Some methods and problems in hydrodynamic stability theory," Tr. Nauchn.-Issled. 
Inst. Mekh. Mosk. Cos. Univ., No. 25, 3-192 (1973). 

16. A.A. Nepomnyashchii, ~Stability of wave regimes in a fluid film flowing down an inclined plane," Izv. 
Akad. Nauk SSSR, Mekh. Zhidk. Gaza, No. 3, 28-33 (1974). 

17. A.A. Nep0mnyashchii, ~Stability of wave regimes in a fluid film with respect to three-dim~nsional 
perturbations, n in: Hydrodynamics [in Russian], No. 5, Perm' (1974), pp. 91-104. 

712 


